Introduction
The vehicle ride comfort and fatigue related to prolonged exposure to vibration are some of the major performance parameters determining competitiveness of vehicles. Vehicle suspension systems aim to control vibration transfer, thereby achieve target level performance; dependent on the pattern of usage, however, vehicle handling and ride comfort performance have contradicting requirements (Gillespie, 1992) . In the industry, numerous expensive and time-consuming trials are used to "optimize" the performance. Ideally, a reliable virtual prototype is a solution. The practical usage of a vehicle model is linked and restricted by model complexity and availability of objective-subjective correlation of response. The models based on measured perceived discomfort in a vehicle are not available; currently weightings based on shaker table measurements are used. The object of this research is the development of a predictive, simple but effective vehicle comfort model based on refined representation of vehicle suspension and in-situ measured discomfort curves represented by Steven's power law.
The model to predict discomfort in a vehicle due to vibration can be split into two parts: a) having a good model of a vehicle and occupant to estimate the vibration response and b) using vibrations on seat in estimating the discomfort based on discomfort curves at frequencies of interest. In the approaches currently used for the purpose there is a scope for considerable refinement in both aspects. The vibration perception studies have not been based on in-situ assessments involving vehicle environment, whereas the dynamic models of ride comfort study lack details to represent accurately the steady state frequency domain response nearer the wheel hop frequency.
There have been limited efforts in combining vehicle dynamic response and subjective discomfort ratings to predict the performance. The most common approach currently used in the industry is to derive perceived discomfort in the vehicle as weighted RMS acceleration at the seat level using ISO 2631 ISO -1 (1997 . However, the predictions based on the standard may not accurately represent in-situ perception (Plewa et al, 2012) . The standards, for example, are based on the measurements with rigid seat and no relative motion between footrest and the seat.
Furthermore, the frequency weightings provided for all types of rotations is the same. Therefore, the discomfort curves obtained based on the shaker table tests may differ significantly from in-situ (Griffin 1990) . Additionally, the relation between vibration stimulus intensity and discomfort is a non-linear function of stimulus amplitude and the non-linearity varies with frequency (Griffin, 2007; Hacaambwa and Giacomin, 2007; Morioka and Griffin, 2006) .
The dynamic models of varying complexity simplified, only including linear dynamic elements, to very complex involving nonlinear elements and fractional differential equations, have been developed to specifically predict vehicle handling and to some extent ride comfort.
For ride comfort studies, however, Kelvin-Voigt arrangement is used for connecting spring and shock absorber. Vehicle models of increasing complexities have been integrated with biodynamic models (Bouazara et al, 2006; Bouazara and Richard, 2011; Kubo et al, 2001) . A specific application of an off-road vehicle has been explored (Patil et al, 1978) . On its own shock absorber has been modelled using complex hydro-mechanical behaviour, for example (Duym, 1997; Sims and Crolla, 2002) ; these complexities do not allow easy integration of the model in vehicle dynamic application. In passive simplified models, a shock absorber is treated as a viscous damper; the simplest being a linear model. Often, elements connecting the shock absorbers to the chassis are ignored for steady state analysis (for example, (Hegazy and Sandu, 2009) ). However, the top mount stiffness (the stiffness in series with the damping element) has been considered for impact harshness studies (Yang and Madepalli, 2005; Lingyang et al, 2010; Yang et al, 2006) . The design of top mount was optimised using a quarter car model in a recent study (Kaldas, 2014) by considering all other elements being of constants. Although, the presence of series stiffness due to top mount is beneficial at higher frequencies, it may play a detrimental role at the lower frequencies. The steady state, frequency domain behaviour of vehicle model with top mount and eventual influence on the vehicle comfort are not available.
The discomfort curves obtained from experiments with occupant-car on the four-post rig were published in earlier papers Thite, 2012, 2014) . In that study, the factors that influence human body motion such as relative motion between the seat top and the vehicle floor were included. The discomfort curves so obtained, however, cannot be readily used in predictive models. The mathematical models used for perception studies can be used to overcome this difficulty; the discomfort curves can be represented using Steven's power law parameters (Stevens, 1975) . The exponent and constants of the power law provide insight in to the influence of both frequency and magnitude of intensity (Morioka and Griffin, 2006) . The representation in this form in turn can be used to predict behaviour at a particular frequency and acceleration amplitude.
In this study, Steven's power law is used to characterise the perceived discomfort and then a predictive model is developed by integrating these with vehicle dynamic response. The in-situ discomfort curves are used for developing an approach to estimate the discomfort spectrum for a given input. Here, these curves are mathematically represented; the equations are fitted based on power law to show variation of perceived intensity as a function of physical stimulus. The vehicle dynamic response is calculated using a refined vehicle lumped parameter model that considers flexible mounting of suspension system on to the automobile chassis. To capture coupling between motions of whole vehicle and seated occupant, at least three degrees of freedom (bounce, pitch and roll) of the vehicle body are required. Hence, a 7 DOF model of a vehicle is developed to analyse vehicle bounce, pitch and roll. A 3 DOF occupant seat model is then attached to 7 DOF model to obtain occupant motion in bounce, pitch and roll. A method is proposed which decomposes road input into combination of vehicle heave, pitch and roll inputs. For a combined, complex input a strategy is proposed to retain frequency domain information.
Predictive model of discomfort due to vibration in a vehicle
The predictive model of vehicle ride comfort essentially has three components: a) mathematical mode of perceived in-situ discomfort rating for given input, b) a model to represent the dynamics of vehicle and occupant and c) road input to the vehicle through tyres.
The vibration transmissibility information captures the dynamics of vehicle and occupant. The discomfort in a vehicle may be influenced by the combination of heave, pitch and roll motions.
The inputs may also be combinations of heave, pitch and roll. The process can be simplified if the inputs are assumed to be pure heave or pitch or roll; the overall discomfort for a given arbitrary input to the vehicle through wheels may be calculated independently at each frequency. In the following sections, all three aspects of predictive model are introduced and discussed.
Mathematical model of perceived discomfort
Some studies have shown discrepancies between shaker table based predictions and the perceived discomfort in-situ conditions, for example the result of Plewa et al (2012) . In fact, very little information is available on the discomfort due to given wheel input in-situ conditions. Recently, in view of the non-availability of discomfort quantification that considers vehicle dynamics, the experimental curves were obtained using in-situ measurements on a car Thite, 2012, 2014 ); a mathematical model based on the published discomfort curves will be used in the predictive model.
Discomfort curves of in-situ car experiments
In measuring in-situ discomfort curves for vehicles, the relevant inputs required at the wheels are crucial. The seat-occupant motion is a combination of heave, roll and pitch. The relative contribution can vary depending on the dynamics. The vehicle in-situ measurements were carried out at frequencies between 1 to 15 Hz. The Discomfort Index (DCI) scale used is given in Table 5 (Ibicek and Thite, 2014) .
Stevens power law parameters
It is well known that the perception and intensity of vibration are related by a logarithmic function. The measured perception is often expressed using Stevens power law (Stevens, 1975) which relates intensity of stimulus to the perceived sensation using a power function. In the current study, power law constant p and exponent  relate the stimulus vibration intensity, a and objective perception DCI by
The exponent χ contains information of growth of sensation. The above parameters of Steven's power law are obtained using DCI in order to develop a predictive model. The power law parameters are estimated for inputs in heave, pitch and roll at frequencies varying from 1 to 15 Hz using the process given below.
The power law can be rearranged to allow easy estimation of parameters as below.
For observed data, from a DCI variation as function of acceleration (a typical DCI curve is shown in Figure 1 , for excitations at a frequency), equation (2) It is of interest to find how in-situ measured parameters compare with the earlier findings.
Refined vehicle-occupant dynamic lumped parameter model
In this section, the description of a refined integrated dynamic model of vehicleoccupant using lumped parameters is given. Initially a 3 DOF Maxwell suspension model that accounts for occupant dynamics is compared with a Kelvin-Voigt model to analyse its merits.
Later, a full vehicle with an occupant is modelled in order to predict the occupant dynamic response.
Three DOF Maxwell quarter car-occupant model
The simplest vehicle-occupant model that considers shock absorber mounting stiffness is of three Degree-Of-Freedom (DOF); all three DOFs represent vertical motion. In the model, tyre is represented by stiffness, wheel and associated elements are represented as a mass, and suspension is represented by a spring and a damper with mounting compliance, vehicle body by mass. The seat-occupant combination is modelled by parallel spring and damping element, and a mass. 
where, mass matrix is u v o 00 00 00
The elements of matrices are: mu is the effective mass of the wheel hub, mv is the vehicle body mass, mo is the effective mass of seat-occupant combination, c is the suspension damping coefficient, cs is the seat damping, k1 is the suspension stiffness, kt is the tyre stiffness and kd is the stiffness connected in series with the damping element. The stiffness matrix, K has nonlinear elements; it is now dependent on the suspension damping coefficient and frequency.
Based on the series stiffness and the damping suspension damping coefficient, the natural frequencies vary. In an automotive vehicle suspension system, to improve NVH performance, the series spring stiffness is likely to be of the order of tyre (Reimpell et al, 2001 ) for a range of displacements i.e. the effect on second resonance (the wheel hub or hop frequency) is expected to be significant.
Integrated occupant-vehicle model
The integrated occupant-vehicle model considered in this study has 10 degrees of 
where, M is the inertia matrix, C is the damping coefficient matrix, K is the stiffness matrix, X is the response vector and F is the force vector. The inertia, damping and stiffness matrices can be constructed using equations given in APPENDIX. The response matrix is given by
and the forcing vector is given by
where z, is the vertical or bounce motion of the seat-occupant combination, is the pitch motion of the seat-occupant combination,  is the roll motion of the seat-occupant combination, x is the vertical or heave motion of the vehicle centre of gravity,  is the pitch motion of the vehicle about the centre of gravity,  is the roll motion of the vehicle about centre of gravity , 5 6 7 ,, x x x and 4
x are the vertical motion of the wheel hubs and 1 2 3 ,, x x x and 8 x are the inputs to wheels. The k's are spring elements which are shown on Figure 3 .
The inputs on the wheels are dependent on road profiles. The road profiles are such that the velocity input amplitudes are constant with respect to frequency (Milliken and Milliken, 1995) ; this has a huge impact on the acceleration response. For example, if T were the transmissibility vibration from wheel to the occupant in vertical direction for the heave input, the acceleration of occupant is given by:
where v is the velocity input amplitude that is constant. Typically, acceleration response amplitude at the wheel hop frequency is amplified by about 7 times (as natural frequency ratio of wheel hub and vehicle bounce mode is ~7) compared with that at vehicle body bounce frequency. Hence non-consideration of top mount stiffness would have a huge impact on the accelerations experienced by the occupants of a vehicle; weighted acceleration calculated would be much smaller than if top mount were considered.
The parameters used for the model are based on the experimental results which show natural frequencies as listed in Table 3 . The typical parameters are shown in Table 4 
Decomposition of operational road inputs
As the in-situ discomfort curves used in this study are based independent linear or angular inputs, the road inputs must be decomposed in that form. Here a road input is decomposed into pure bounce, pitch and roll at the contact point of tyre and ground. Let the decomposed inputs be written as 
The decomposed inputs then can be used to predict the perceived discomfort rating. 
Results and Discussion

Discomfort curve parameters
The Stevens' power law parameters for all three forms of inputs were estimated using equation (1), characterising discomfort curves. Figure 4 shows variation of exponent,  with respect to input frequencies. and Griffin, 2006) . This latest study considered perception threshold in the formulation. The power law parameters appear to depend on arrangement of the test set up. The exponent of 0.51 found in this study for in-situ measurements can therefore be reliably used in the predictions of ride discomfort. Figure 4b shows the exponent for pitch input. Here the mean value is 0.47 and the standard deviation is 0.02. There is hardly any frequency dependence. Similar is the case of roll input (Figure 4c ) where the mean is 0.57 and standard deviation of 0.03. Interestingly, the mean values vary significantly depending on the type of input. As the exponent is an indicator of rate of growth of sensation with respect to the input acceleration amplitude, the roll input is most aggressive whereas the pitch input more gradual.
The constant in Stevens' power law is dependent on the scale used to quantify the perception. Figure 5 shows the constants as estimated for all three inputs for varying excitation frequency. All the values are below 10, whereas it has been found to be in the range of 100s for a study (Morioka and Griffin, 2006) where the perception was quantified using a scale of 0 to 100. The constant, here is highly frequency dependent and appears to follow the weighting described by the standards ISO 2631-1 (1997), for example, in the heave mode of input. The trend is similar to that found on Z axis in Ref (Morioka and Griffin, 2006) . The variation with the frequency is related to the resonances of human body. For the heave input where 4 to 8Hz are particularly influenced by resonances, the constants are larger than at other frequencies.
Similar patterns based around resonance frequencies are also seen for the roll and pitch inputs.
The roll input shows highest values at very low frequencies, which could be due to resonance where occupant upper body acts as a pendulum hinged on the seat surface.
Overall, the Stevens' power law parameters found in this study for heave input are in broad agreement with the published literature. Small deviations could be because of the use of in-situ measurements on a vehicle, in particular the effect of seat cushion. The exponents found for all three inputs are within the range that has been observed in vibration perception.
Therefore, the parameters found can be used in predictive models.
Comparative discussion on the dynamic response of 3DOF system
In this section, frequency responses of 3DOF system of section 2.2.1. are critically compared. Using equation (5), for a harmonic input, vehicle body and wheel hub responses can be calculated. The parameters used for the analysis are listed in Table 1 -2 -the values used are typical, resulting in natural frequencies similar to the ones found on vehicles. The top mount behaviour is used in arriving at stiffness for the component (Thite et al, 2017) . The input at the wheel is harmonic unit amplitude displacement, with frequency varying from 0 to 30Hz. The motion transmissibilities were calculated for both models. Hz clearly improves NVH performance. There is counteracting effect at lower frequencies, especially increased contribution from wheel motion, which cannot be neglected for comfort studies. The difference is clearly visible in measured transmissibility on a vehicle as shown in Figure 6b . The wheel hop mode has transmissibility of ~0.4 which is much larger than that found using Kelvin-Voigt arrangement. The difference is much more emphatic for wheel motion (Figure 6b ), which can significantly influence the tyre contact force, affecting vehicle handling.
The resonance frequencies and associated response amplitudes are a function of both damping coefficient and series stiffness. Figure 7a shows, for the ordinary model, frequency response magnitude of the wheel hub with reference to tyre input, varying as a function of excitation frequency and suspension damping coefficient. There are two clear peaks corresponding to vehicle bounce mode and wheel hop mode. There is a smaller peak due to influence of occupant-seat dynamics. As expected, the increase in damping reduces the resonance frequencies (clear from trace of the peaks) initially, for example the damped wheel hop frequency reduces. For very high damping (not usually seen on vehicles), the relative motion between the wheel and vehicle body reduces to such an extent that eventually one DOF is eliminated from the system. Figure 7b shows the corresponding plot for Maxwell model. The wheel hop frequency increases as the damping increases i.e. the effect of series stiffness becomes large and in the limit the effective damping reduces to a negligible value (equation (1)) and a sharp peak occurs at the wheel hop mode. There is a region, where the resonance amplitude becomes smallest for a particular value of damping (in this case for ~1700Ns/m), which can be exploited to improve the performance of vehicle comfort and/or handling.
Relatively, the effect of change in the suspension damping coefficient on vehicle bounce mode is moderate.
Overall, the resonance frequencies and the effective damping can be very different in the presence of series stiffness. Although, the vehicle model is much complex than the 3 DOF system analysed in this section, ae similar behaviour at wheel hop mode is expected (as seen in Figure 6 ).
Vehicle-occupant dynamic response
The transmissibility plots are generated for seat-occupant and the vehicle body using parameter values from Table 4 . In general, the vehicle motion is coupled i.e. heave, pitch and roll motion of the vehicle occur simultaneously for a given input; the extent of correlation depends on the vehicle parameters. For the vehicle under consideration, for heave input, the transmissibilities of vehicle motion with reference to one of the wheel inputs are shown in Figure 8a . The vehicle has predominant vertical motion but there is some contribution towards vehicle pitch and roll. The vehicle bounce and wheel hop frequencies dominate the transmissibilities. The wheel hop frequency contribution similar to that observed on the vehicle on four-post rig (Figure 6a ). Beyond wheel hop frequency, the predicted transmissibility is smaller than from the four post rig tests as higher modes due to structure flexibility such as chassis warp etc., are not considered. The seat-occupant response, apart from the vehicle modes of vibration, is further dependent on the seat dynamics. Figure 8b shows transmissibilities related to the seat-occupant motion. There are contributions from vehicle bounce and wheel hop frequencies, and the seat-occupant bounce frequency is resulting in a peak around 9 Hz.
The pitch and roll frequencies of the seat-occupant are also excited. Overall, the vertical motion of seat-occupant is dominant for the heave input. Figure 9a shows response of the vehicle to pitch input. As expected the vehicle pitch mode is excited; as vehicle motion is correlated vehicle bounce and vehicle roll also exist. The pitch angular motion is dominant followed by the vehicle bounce. The presence of vehicle bounce and roll is expected to influence seat-occupant motion. Figure 9b shows seat-occupant motion for the given input. The pitch motion is a combination of the vehicle pitch and localized pitch of the seat-occupant. At about 6Hz, due to contribution from the seat-occupant pitch frequency, transmissibility increases and later at higher frequencies the same feature results in motion isolation. The bounce motion is significant; the larger seat-occupant bounce motion is due to location of the seat away from the centre of gravity. Figure 10 shows vehicle motion for the roll input; the roll angular motion dominates the vehicle response. Due to motion correlation, bounce and pitch motion are also present. As in the pitch input, because of the distance between roll centre and location of the seat, seatoccupant bounce motion is induced. The localized roll of seat-occupant is also seen, which results in increased transmissibility around 4Hz. This resonance frequency also helps motion isolation at higher frequencies as the full system can be considered as a multi-stage isolator where increased degrees of freedom improves isolation at higher frequencies. In fact, the response is inversely proportional to n  2 , where n is the DOF at higher frequencies.
Predicted results for typical road input
For predicting the discomfort index curves, the input to wheels needs to be chosen. A constant individual wheel input of 0.05 m/s is used at each frequency, in pure heave, pitch and roll. The signs of inputs are changed to suit the type of input. Figure 11 shows the acceleration at the seat-occupant position for the given inputs. The responses are dominated by resonances.
The wheel hop frequency appears dominantly for heave and pitch input. The acceleration due to roll input shows broad distribution across frequencies; for the pitch input, the accelerations are lowest. In all input cases, the influence of wheel hop is to amplify the motion because of the multiplication effect of frequency (equation (9)). The calculated accelerations can now be combined with the parameters of power law, p and  values, to obtain DCI for each frequency.
The predicted DCI values are rounded to nearest integer. The resulting DCI variation is shown in Figure 12 . The roll input, as expected, results in poor discomfort ratings compared to other inputs. It has large DCI throughout the frequency range. The effects of resonances are clear.
The wheel hop frequency (12 to 15 Hz) contribution is evident in bounce and pitch motion; the effect of including top mount stiffness in the refined model is huge.
The use of DCI curves highlights the effect of vehicle dynamics and can clearly be related to vehicle design parameters. For example, Figure 13 shows the effect of change in vehicle seat parameters of stiffness and damping when heave input is given. The stiffness in vertical direction is reduced to 20% of the base value listed in Table 4 . The influence of this is to reduce the seat resonance frequency and hence improve the isolation at slightly higher frequencies -which is clear is Figure 13 where the comfort improves after ~6Hz. The figure also shows further change -the influence of seat damping; here it is increased by 75% over and above the change in stiffness. Due to increased damping motion transmissibility reduces near the dominant resonance but increases in vibration isolation region of higher frequencies.
Consequently, there is a slight improvement in comfort between 4 and 6Hz but getting poorer performances beyond ~12Hz. In this case study, therefore, if frequency averaging techniques were used, the effects of resonances won't have been highlighted. Overall, using these curves along with a vehicle-occupant model for a particular vehicle, one can conduct parametric analysis to optimize vehicle with the full knowledge of frequency-based DCI variations.
Conclusions
An integrated vehicle-occupant model is developed to obtain the occupant response to a given harmonic input. The suspension model was refined to contain the effect of compliance in damper as well as intentionally introduced stiffness in series with damper. Based on the relative stiffness of the spring in series, the resonance frequencies vary. The most significant effect was on the frequency and the amplitude of wheel hop mode. A damping can be found where the amplitude is a minimum; further increase in damping increases the amplitude at resonance and is detrimental to both discomfort due to vibration and vehicle handling.
The Stevens' power law parameters were found for in-situ measured discomfort indices; these parameters were found comparable to earlier studies. The parameters were then used to predict discomfort index for a given sea-occupant acceleration and frequency combination. The frequency variation suggests importance of not just using frequency average discomfort indices while optimizing vehicle suspension and seat parameters. Overall, the model developed along with integration of measured discomfort indices provides a complementary tool to carry out comfort studies during the design of a vehicle. Thite, AN., Banvidi, S., Ibicek, T. and Bennett L (2011) . Suspension parameter estimation in the frequency domain using a matrix inversion approach, Vehicle System Dynamics 49, 12, 1803 -1822 . Thite, A.N., Coleman, F., Doody, M. and Fisher, N. (2017 . 
APPENDIX
Occupant model
Occupant vertical motion fs2  fs3  fs4  fs1  fs2  fs3  fs4  fs1  fs2  fs3  fs4  p   fs1  fs2  fs3  fs4  p  fs1  fs2  fs3  fs4  r  fs1  fs2  fs3 22  op  fs1  fs2  fs3  fs4  p  fs1  fs2  fs3  fs4  p  fs1  fs2  fs3  fs4  pp   22  fs1  fs2  fs3  fs4  p  p  fs1  fs2  fs3  fs4  p r  fs1  fs2  fs3  fs4  pr   fs1  fs2  fs3  fs4  p Table 4 . Parameter values used in predicting occupant response. Roll bar stiffness (Nm/rad) 1e5
System parameter
Vehicle body mass (kg) 940
Vehicle pitch inertia (kgm 2 ) 1000
Vehicle roll inertia (kgm 2 ) 500
Distance from roll centre to left wheel (m) 1.1
Distance from roll centre to right wheel (m) 1.1
Distance from pitch centre to front wheel (m) 0.89
Distance from pitch centre to rear wheel (m) 1.57
Occupant and seat parameters
Occupant and seat mass (kg) 80
Occupant and seat pitch inertia (kgm 2 ) 8
Occupant and seat roll inertia (kgm 2 ) 10
Occupant and seat bounce stiffness (N/m) 5e4
Occupant and seat bounce damping (Ns/m) 300
Occupant and seat roll stiffness (Nm/rad) 0.1e3
Occupant and seat roll damping (Nms/rad) 125
Occupant and seat pitch stiffness (Nm/rad) 5e3
Occupant and seat pitch damping (Nms/rad) 150
Length to centre of the seat from CG along X axis (m) 0.4
Length to centre of the seat from Roll centre along Y axis (m) 0.6 Table 5 . Discomfort definition and scaling used by Thite (2012, 2014) .
Perception Rating
Not discomfortable 1
Noticeable but not discomfortable 2
Slightly discomfortable 3
Discomfortable 4
Highly discomfortable 5
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Figure 1: Typical measured discomfort index curve for a given acceleration stimulus. 
